On codimension 1 families of singular meromorphic foliations having a meromorphic first integral  by Ballico, E.
Topology and its Applications 111 (2001) 227–240
On codimension 1 families of singular meromorphic foliations
having a meromorphic first integral
E. Ballico
Department of Mathematics, University of Trento, 38050 Povo (TN), Italy
Received 23 November 1998; received in revised form 29 July 1999
Abstract
Let X ⊂ CPN be a smooth compact complex manifold. Here we study certain codimension 1
holomorphic foliations with singularities on X cut out by a pencil of hyperplanes through a
codimension 2 linear subspace of CPN . We classify the codimension 1 strata of the closure, M ,
of the foliations on X induced by Lefschetz pencils. Under certain cohomological assumptions we
describe M. For certain X we study also a few related holomorphic singular foliations of higher
codimension. Ó 2001 Elsevier Science B.V. All rights reserved.
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Motivated in part by Reeb’s Stability Theorem (or at least so it seemed to us) Gomez-
Mont and Lins-Neto discovered (see [10]) a class of codimension 1 meromorphic foliations
with singularity which are C0-structurally stable: the class of Lefschetz pencils (see below
or [10]) on a projective manifold M with dim(M) > 3 and H 1(M,C) = 0. Here we
want to make a step further and, in the same situation, study the higher codimensional
strata (in particular the codimension 1 strata). We believe that such a study (as well as
the related concepts “topologically simple foliation” (i.e., nearby there are only finitely
many topological conjugacy classes) and “topological modality of a foliation” (i.e., the
“dimension”, if finite, of the set of topological conjugacy classes of nearby foliations) are
interesting and deserve to be studied (even in particular examples). Of course, the situation
considered in this paper is extremely simplified by the fact that we have [10] and that
it is not hard to prove (see Section 1) that we are considering essentially codimension 1
meromorphic foliations with singularities which have a meromorphic first integral (in the
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sense of [10, Definition 3.1]). To be more precise on the related results contained in the first
section of this paper (the main one being stated in the introduction as Theorem 0.1), we
introduce some notation. Let A be a coherent sheaf on a complex manifold X; a singular
meromorphic foliation will be called of type A if it corresponds to an inclusion, j , of A
into the cotangent bundleΩX satisfying the obvious integrability condition:ω∧dω≡ 0 for
every local section ω of j (A). Now assume that A is a line bundle, i.e., that the inclusion
j :A→ ΩX satisfying the integrability condition defines a codimension 1 meromorphic
foliation, F . F is said to be saturated if there exists an analytic subset E of X with
dim(E)6 dim(X)− 2 and such that j is an inclusion of bundles at each point of X \ E;
this condition is equivalent to the fact that the coherent sheaf ΩX/j (A) has no torsion;
F is not saturated if and only if there exists an effective Cartier divisor D of X, D 6= ∅,
such that ΩX contains a sheaf j (A)(D) containing j (A); F is saturated if and only if the
singularity set
B := {P ∈X: j has rank 0 at P }
has codimension at least 2 in X. Fix a projective smooth complex manifold X ⊂ PN . Let
U be the set of saturated meromorphic foliations with singularities induced by a Lefschetz
pencil. F ∈U if and only if there is a codimension 2 linear subspace V of PN (the axis or
center of the pencil), V intersecting transversally X such that the closure of the leaves are
exactly of the formX∩H withH hyperplane containing V and such that every hyperplane
containing V is transversal to X along X ∩ V and is tangent to X at most at one point
with a Morse type singularity there. For every line bundle L on X the set, Γ (L), of all
singular meromorphic foliations of type L is a closed algebraic subset of the projective
space P (H 0(X,Hom(L,ΩX))) (see [11, §1]); hence Γ (L) is a projective algebraic subset
of P (H 0(X,Hom(L,ΩX))) (perhaps reducible or empty); if we consider only saturated
foliations, we obtain a Zariski open (perhaps empty) subset of Γ (L). LetM be the closure
of U in the moduli space Γ of meromorphic foliations with singularities (corresponding
to the same line bundle, OX(−2), as the one of U ); see (1.1) for a description of M . In
Assumption 1.2.1 we will introduce 3 assumptions (i.e., (a1), (a2), (a3)) on the embedding
of X into PN . Then we will describe two classes of singular foliations on X (called
case (A) (see (1.2)) and case (B) (see (1.4))). These assumptions (a1)–(a3) are satisfied
very often (see Proposition 1.8 for an example).
Theorem 0.1. Every element of M is induced by a pencil of hyperplanes of PN . When
assumptions (a1)–(a3) are satisfied, M \ U has exactly two irreducible components
of codimension 1 and the general point of one of these components corresponds to
hyperplanes in case (A), while the general point of the other component corresponds
to case (B). Assume also H 1(X,C) = 0. Then M is the unique irreducible component
of Γred containing a general foliation in case (B); if n > 4 the same is true for case
(A). Furthermore, any two general foliations corresponding to case (B) are topologically
conjugate; a small neighborhood in Γ of a foliation F in case (B) contains only two
topological conjugacy classes: the one of F and the one corresponding to a Lefschetz
pencil.
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In Section 2 we give cohomological conditions on the embedding of X into PN such
that if these conditions are satisfied then every foliation on X associated to a morphism
OX(−2) → ΩX is induced by a pencil of hyperplanes (see Proposition 2.2). These
cohomological conditions are satisfied if X is a complete intersection of hypersurfaces
of degree at least three. In the last section we study the case in which the dual varietyX∗ is
not a hypersurface. We consider some natural extensions of the notion of Lefschetz pencil.
The author was partially supported by MURST (Italy).
1. Foliations coming from pencils of hyperplanes, I
In this section we fix the following notation. X is a smooth connected compact complex
manifold of dimension n with H 1(X,C) = 0 and L is a very ample line bundle on X
(hence X is algebraic). Unless otherwise stated, we will use the Zariski topology. Set
N := h0(X,L) − 1. Since L is very ample, it determines an embedding of X into a
projective space PN (i.e., into P (H 0(X,L))). We will always considerX as a submanifold
of PN . PN∗ will denote the dual projective space of PN , i.e., the set of hyperplanes of
PN . For the related notions and results used in this section, one can see [18] or [17]. Let
X∗ ⊂ PN∗ be the dual variety of X; by definition X∗ is the union of the hyperplanes of
PN which are tangent to X; it is an irreducible variety. Set n′ := deg(X∗). Let R ⊂ PN∗
be a line; R corresponds to a pencil of hyperplanes of PN ; this pencil is the family of
all hyperplanes containing a fixed codimension 2 linear subspace (call it V ) of PN ; V is
called the axis or the center of the pencil R; vice versa, every such V determines a unique
line R ⊂ PN∗ ; in this section R will denote always a pencil of hyperplanes and V will be
the corresponding axis. The pencil associated to R (or V ) is said to be a Lefschetz pencil
if V ∩X is smooth and for every H ∈ R, H ∩X either is smooth or has exactly a singular
point which is an ordinary double point and which is not on V . One can see [1] or [10]
or [12, §3], for more details on Lefschetz pencils. We recall only that by [18, §I-4] (in
particular lines 5–9 of p. 173), the pencil corresponding to R is a Lefschetz pencil if and
only if R ∩ (X∗)sing = ∅ and R intersects transversally X∗.
(1.1) We just saw that the set of all Lefschetz pencils for X forms a Zariski open dense
subset U of the Grassmannian G(2,N + 1) of lines of PN∗ . By duality we will see
G(2,N + 1) as the set, G(N − 1,N + 1) of codimension 2 linear subspaces of PN . If
X does not contain a linear (N − 2)-dimensional subspace V ′ of PN , then we may take
G(2,N+1) asM ; this assumption is satisfied if either dim(X)6N−3 or dim(X)=N−2
but X is not a linear subspace of PN ; in particular this condition is satisfied in the set-up
of (1.2) below. When this condition is satisfied, every point of G(2,N + 1) corresponds to
a singular meromorphic foliation of X.
Recall (see [10, Definition 3.1]) that a codimension 1 holomorphic foliation F (with
singular set S := Sing(F )) on the compact complex manifold M is said to have a
meromorphic first integral if there is a meromorphic map f fromM to the Riemann sphere
P 1 which is holomorphic on M \ S and such that the leaves of F are the connected
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components of the fibers of f |(M \ S). If X contains no linear (N − 2)-dimensional
subspace of PN , then every point of M corresponds to a singular meromorphic foliation
on X with a meromorphic first integral; indeed for any codimension 2 linear subspace V ′
of PN , the meromorphic function f is induced by the pencil of all hyperplanes through
V ′; f is holomorphic at each point ofX \ (X∩V ); the corresponding foliation is saturated
if and only if X ∩ V does not contain a hypersurface of X.
(1.2) Here we state axiomatically the assumptions (a1)–(a3) we will use. These assump-
tions are satisfied very often (in “general”). We will show in Proposition 1.8 the well-
known fact that they are satisfied for every higher order Veronese embedding of any em-
bedding of a smooth variety in a complex projective space. For many purposes, only some
of the assumptions are needed. Sometimes if one of the assumptions are not satisfied, the
embedding of X in PN is “better than an usual one” (e.g., (a1) is not satisfied if and only
if every Lefschetz pencil of X has no singular hyperplane section and hence the axis is the
only singular part of the corresponding foliation).
Assumptions 1.2.1.
(a1) dim(X∗)=N − 1, i.e., X∗ is a hypersurface of PN∗ ;
(a2) dim(Sing(X∗))=N − 2;
(a3) outside a closed algebraic subset of dimension at most N − 3, Sing(X∗)
parameterizes all hyperplanes, H , tangent to X only at most at two points and
such that at each point of tangency X ∩ H has at most an ordinary quadratic
singularity (a “Morse type tangency”).
(1.3) Description of case (A). Let V ⊂ PN a codimension 2 linear subspace which is
transversal to X, except at one point, z; we assume that dim(V ∩ TzX) = n − 1. By
definition in this case the line R ⊂ PN∗ giving the pencil is tangent to X∗ at a unique
point which is a smooth point of X∗ and X∗ intersects R at this tangency point in a
cycle of degree 2 (the minimal possible length). Thus we have card(X∗ ∩ R) = n′ − 1
and X∗ ∩ R ⊂ X∗reg. Each of the points in X∗ ∩ R = (X∗)reg ∩ R corresponds to a
hyperplane, call it H , of PN touching X in a “Morse way” and exactly at one point. In a
“Morse way” means that X ∩H has at the tangency point an ordinary double point (i.e., a
point of multiplicity 2 with non degenerate quadratic part). However the hyperplane, H ′,
corresponding to the point of X∗ ∩ R at which X∗ and R are tangent is tangent to X at a
point, z, of the axis V of the pencil. V ∩X has exactly one singular point, z; V ∩X has an
ordinary double point at z.
(1.4) Description of case (B). By definition in this case the line R ⊂ PN∗ giving the pencil
intersects X∗ at n′ − 1 points, exactly one of them, [H ], singular for X∗; furthermore, X∗
has an ordinary double point at [H ]. For every T ∈X∗ ∩ R the singularities of T ∩X are
ordinary double points. Exactly n′ − 2 of such tangent hyperplanes are tangent to X only
at one point, while the hyperplane H corresponding to [H ] ∈ (X∗)sing ∩ R is tangent to
X exactly at two points, none of them on V . Every pencil R with dim(V ∩ X) = n − 2
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determines a codimension 1 holomorphic foliation on X with meromorphic first integral;
indeed if Π → PN is the blowing-up of PN along the axis V and X′ ⊂ Π is the strict
transform ofX inΠ (i.e., the blowing-up ofX alongX∩V ), then the pencil of hyperplanes
induces a holomorphic map X′ → P 1 (the meromorphic first integral); note that such a
saturated foliation is of type (L⊗2)∗, i.e., it is induced by a map u :OX(−2)→ΩX with
u 6= 0.
Remark 1.5. Note that case (A) corresponds to a codimension 1 case for M by assump-
tion (a1) (which however in a certain sense is needed only to say that case (A) is not
empty).
To discuss case (B) we need the following easy lemma.
Lemma 1.6. Fix H ∈ (PN∗ \ X∗). Then the set T of hyperplanes H ′ ∈ PN∗ with
X∩H ∩H ′ singular is irreducible and for a generalH ′ ∈ T , the scheme X ∩H ∩H ′ has
an ordinary double point as only singularity. If dim(X∗)=N − 1, then dim(T )=N − 1.
Proof. Notice that T is exactly (X∩H)∗ \ {H }, where the dual variety here is in PN∗ and
it is a cone with vertex {H } over the dual variety of X∩H in H . Hence the lemma follows
from [14]. 2
Remark 1.7. Case (B) corresponds to a codimension 1 case for M by Lemma 1.5,
assumptions (a2) and (a3). By Lemma 1.6, assumption (a3) is needed essentially only to
say that Sing(X∗) is irreducible, or equivalently, that case (B) occurs.
Proposition 1.8. Fix a smooth variety X with X ⊂ PN . Fix an integer t > 2 and let vt
the t-ple Veronese embedding of PN into P h (h := −1 + (N + t)!/(N !t !)) and wt the
embedding of X into P h induced by vt . Then wt(X) satisfies the assumptions (a1), (a2)
and (a3) in its linear span in P h.
Proof. Set Y := wt(X) and let J be the linear span of Y in P h (hence dim(J ) =
h− h0(PN, IX(t))). All the assumptions are known to be true for (Y, J ) except perhaps
(at least in this form) for (a2) and (a3) (see [14] or, for (a1), [18, the union of lines 5–9 of
p. 173 and Theorem (17)]). Now we will sketch a proof of (a2) and (a3).
(a2) and (a3). For both assertions we will do a dimensional count. A dimensional count
shows that the set of H ∈ Y ∗ tangent to Y at at least two points has dimension at most
N − 2 unless a general H ∈ Y ∗ is tangent to Y along a positive dimensional subvariety;
if this occurs, then a general H ∈ Y ∗ is tangent to Y along a positive dimensional linear
subspace by [18]. However for each t > 2, Y contains no line, contradiction. Now we will
check that for every x ∈X, the set T of hyperplanes of J which have contact worst than an
ordinary double point at y :=wt(x) has codimension at least 3 in the set T ′ of hyperplanes
of J containing y . It is sufficient to find a linear subspace T ′′ of T ′ with dim(T ′′) = N
and dim(T ′′ ∩ T ) < N − 2 and then, if t > 2, take the union of T ′, T ′′ any hypersurface of
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degree t−2. Fix a hyperplaneH of PN containing x and transversal to X at x . Take as T ′′
the set of reducible quadrics containing H as one component. Then H ∪H ′ ∈ (T ′′ \ T ′)
unless TxX ⊂ H ′ (hence dim(T ′′ ∩ T ) 6 N − n − 1). Now it is easy to conclude (e.g.,
using a dimensional count similar to the one useful for checking (a2)). 2
Remark 1.9. By [16, Proposition 3.3] (quoted in details in [18, Theorem 17]) assump-
tion (a1) is satisfied if for a general x ∈X there is no line D with x ∈D and D ⊂X.
Proof of Theorem 0.1. The proof is divided into 5 steps and a lemma. In the first step
we prove the first assumption and describe the closure M ′ of U in the set of meromorphic
singular foliations which are not necessarily saturated.
Step 1. Let {Ft }t∈T (with T one-dimensional and irreducible, say a small disk of
C) be a family of foliations on X such that Ft is a Lefschetz pencil for all t except
one, o ∈ T . Call Vt the axis of the Lefschetz pencil corresponding to Ft . Since the
Grassmannian G(N − 1,N + 1) of codimension 2 linear subspaces of PN is complete,
{Vt}t∈T \{o} has a limit at o; call it Vo. Since Vo has codimension 2 in PN , we have
dim(X ∩ Vo) > n − 1, except perhaps if N = n + 1, i.e., if X is a hypersurface; assume
that X is a hypersurface and Vo ⊂X; take homogeneous coordinates z0, . . . , zn+1 on PN
with X = {f (z0, . . . , zn+1) = 0} with f irreducible homogeneous degree d polynomial
and Vo = {z0 = z1 = 0}; since n > 3 and dim(Vo) = n − 1 there is P ∈ Vo such that all
partial derivatives ∂f/∂zi of f with respect to the variables zi, i > 1, vanishes at P ; since∑
06i6n+1
zi
∂f
∂zi
= df (Euler’s formula),
P is a singular point of X, contradiction. Hence we always have dim(X ∩ Vo) 6 n − 1.
First assume dim(X ∩ Vo)= n− 2. It is obvious that there is a family of codimension one
foliations {Gt }t∈T of X, with Gt = Ft if t 6= o and Go the saturated foliation determined
by the pencil of all hyperplanes containing Vo. Similarly, if dim(X ∩ Vo)= n− 1 then Go
is the non saturated foliation determined by the pencil of all hyperplanes containing Vo.
To conclude in both cases one could use the fact that M ′ is Hausdorff by its description
given in [11, §1]. However, we prefer the following path. Since the Picard variety Pic(X) is
separated, F is induced by a non-zero morphism u :OX(−2)→ΩX. SinceX is projective,
every connected component of the Hilbert scheme Hilb(X) of X (or, if you prefer, every
connected component of the Chow variety of X is compact). This implies that the families
of the leaves of the foliations Ft , t ∈ (∆ \ {0}), have as limits a one-dimensional family of
hyperplane sections, H , of X. Since Vo is the limit of the linear spaces {Vt }t∈(∆\{0}), each
scheme Y ∈ H contains Vo. Since F is the limit of the foliations Ft , t ∈ (∆ \ {0}) each
Y ∈H is a leaf of F . Hence F is induced by the pencil of hyperplanes through Vo.
Step 2. By Step 1 the assertions on the possible codimension 1 strata of M follow
tautologically from assertions (a1)–(a3). For the remaining steps of the proof we may (and
will) assume H 1(X,C)= 0.
Step 3. Here we show that any two foliations corresponding to case (B) are topologically
conjugate. The only difference with respect to the case of Lefschetz pencils is that now a
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hyperplane section has two Morse type singularities. First we explain why the proof of the
purely local [10, Lemma 1.4], works if we restrict its statement to families in which all the
fibers have exactly two Morse type singularities as only singularities. The only trouble is in
the part contained at p. 319, where twice it is used that we have two suitable foliations, say
G1 onW andG2 onM ′ −W andW is a conical neighborhood of the singular point, po, of
a given foliation onM ′; here it is used that ∂W is connected, while in our situation we take
instead of W two small conical neighborhoods, say W ′ and W ′′, of the two Morse type
singularities. As in [10, p. 391], we modify the foliations on W ′ and W ′′ using isotopies
fixing the boundaries and then we may glue again the foliations on W ′ and W ′′ along
∂W ′ ∪ ∂W ′′ to the foliation G2 on M ′ −W . Then notice that, using the previous remark,
both proofs of [10, Theorem 1.5] works; indeed as remarked at the end of the proof of [10,
Theorem 1.5], we choose a fine triangulation of the base in which the critical points are the
vertices and then one constructs the isotopies restricted to the skeletons by induction.
Step 4. A germ at P of a codimension one holomorphic foliation, F , on a neighborhood
of P in X is a Kupka singularity at P if in a neighborhood of P F corresponds to a
holomorphic form ω with dω(P) 6= 0 [10, Definition 2.1]. A germ of a holomorphic
foliation with a Kupka singularity is locally the pull back of a germ of a Kupka
holomorphic foliation of C2 under a submersion (see [2] or the introduction of [10]).
A (local) Kupka singularity of a foliation is persistent (see [10, Theorem 2.2], for a precise
statement, or [19] and/or [2] for both a statement and a proof). Furthermore, when a Kupka
type singularity is supported by a compact submanifold, K , then nearby foliations have a
Kupka type component of the singular locus which is near K (see, e.g., [10], Remark (3)
just before Theorem 2.3). In the next step we will analyze the possible deformations of
V ∩X, V axis of a pencil, as subvariety of X. The goal is to prove the fact that M is the
unique irreducible component of Γ containing all foliations in case (B) (or in case (A)).
Step 5. Fix any codimension 2 linear section W of X, say W = A ∩ B with A and
B hyperplane sections of X. We do not assume that W is smooth (or even reduced),
but, since X is smooth, W is a locally complete intersection in X. Hence W has a
well-defined normal bundle NW/X , which is a rank two vector bundle with a morphism
TX|W →NW/X which is surjective exactly at the smooth points ofW . In our situation we
have NW/X ∼=OW(1)⊕OW(1). From the family of exact sequences
0→OX(t − 1)→OX(t)→OA(t)→ 0 (1)
for t = 0 and t = 1, the assumption “h1(OX) = 0” and the vanishing of h1(OX(−1))
(Kodaira vanishing) we get h1(OA)= 0 and the surjectivity of the restriction map
H 0
(
X,OX(1)
)→H 0(A,OA(1)).
Hence from the exact sequence
0→OA→OA(1)→OW(1)→ 0 (2)
we obtain the surjectivity of the restriction map
H 0
(
X,OX(1)
)→H 0(W,OW(1)).
234 E. Ballico / Topology and its Applications 111 (2001) 227–240
Hence the restriction map H 0(X,OX(1) ⊕ OX(1))→ H 0(W,NW/X) is surjective. By
deformation theory and the smoothness of G(N − 1,N + 1) this implies that every small
enough deformation of W inside X is the intersection with X of a codimension 2 linear
subspace of PN . In case (B) we see by the persistency of a Kupka component that
nearby foliations are again induced by pencils, hence contained in M . Now the proof
of Theorem 0.1 (i.e., the last assertion concerning case (A)) will be completed by the
following lemma; in case (A) we may just take k = 0 in its statement.
Lemma 1.10. Let X ⊂ PN be a smooth projective manifold with dim(X) > 4 and
H 1(X,C)= 0. Let V ⊂ PN be a codimension 2 linear subspace with dim(X∩V )= n−2.
Set k := dim(Sing(X ∩ V )) and assume dim(X) > 4+ 2k and Hi(X,OX)= 0 for every
i with 1 6 i 6 k + 1. Let F be the saturated foliation on X induced by the pencil of
hyperplanes through V ∩X. Assume that F has only isolated singularities outside V ∩X.
Let {Ft }t∈T (with T one-dimensional and irreducible, say a small disk of C) be a family of
foliations on X such that Ft = F0 for some 0 ∈ T . Then for a general t ∈ T the foliation
Ft is induced by a pencil of hyperplanes through a codimension 2 linear subspace of PN .
Proof. Take a general linear subspaceM of PN with dim(M)=N−max{1, k+1} and set
DM :=M ∩X. By the generality of M the scheme DM is smooth. We have dim(M)> 0.
For general t ∈ T the foliation Ft induces a foliation F |DM (or F0|DM , if you prefer) on
D. For generalDM outside V ∩D the foliation F |DM has only finitely many singularities,
all of them of Morse type. For general M the scheme V ∩DM is smooth of codimension
2 on M . Hence F0|DM is a Lefschetz pencil. Since n > 4+ k we have H 1(DM,C) = 0
(see Remark 3.2 or (3.6)). By [10, Theorem 3.6] (and the assumptions n> 4+ 2k > 4+ k)
the family {Ft |DM}t∈T will be, in a neighborhood of the special fiber Fo|DM , a family
of Lefschetz pencils; call VMt ∩DM their axis. Take two general linear subspaces M , M ′
and consider the algebraic leaves of Ft |DM and Ft |DM ′ for t ∈ T , t near the point 0 ∈ T .
Consider the foliations induced by Ft on DM ∩DM ′ and use the assumption n> 4+ 2k to
see that general leaves of Ft |DM and Ft |DM ′ for t ∈ T , t near the point 0 ∈ T , intersects
in leaves of the foliationDM∩M ′ induced on the manifoldX∩M ∩M ′. VaryingM , we see
the existence for t ∈ T , t near the point 0, of a codimension 2 linear subspace Vt of PN
that the hyperplanes through Vt (t near 0) are the leaves of Ft . Thus for t ∈ T , t near 0, we
have Ft ∈M , as wanted. 2
2. Foliations coming from pencils of hyperplanes, II
In this section we give a set of cohomological conditions which assures that any foliation
on X associated to a morphism u :OX(−2)→ΩX is induced by a pencil of hyperplanes.
Remark 2.1. Let W be a finite-dimensional complex vector space and P (W) the
associated projective space. We have
H 0
(
P (W),ΩP (W)(2)
)∼=Λ2(W)
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(see e.g., [15, 1.8 at p. 83 or last line of p. 90]). With the terminology of [15, p. 81]Λ2(W)
is the space of all algebraic Pfaff forms of degree 1. The Pfaff form is integrable if and only
if it corresponds to a decomposable vector, say u∧ u, of Λ2(W) (see [15, Proposition 1.4
at p. 4]) for r = 1 and p = 1; use the identification between antisymmetric matrices and
2-forms given in [15, 1.8 at p. 83], and notice that for p = 1 the condition du= 0 of [15,
Proposition 1.4], is always satisfied because u has constant coefficients). This means that
every morphism u :OP (W)(−2)→ΩP (W) defining a meromorphic foliation is induced by
the choice of a codimension 2 linear subspace M of W (i.e., a codimension 2 subspace
V := P (M) of P (W)) in the following way. Let Π be the blowing-up of P (W) along
P (M). The pencil of all hyperplanes containing V induces a morphism f :Π → P 1 and
hence a meromorphic foliation with first integral on P (M). Furthermore, V uniquely
is uniquely determined by u and two nonzero elements u, v of H 0(P (W),ΩP (W)(2))
induces the same V if and only if u= λv for some λ ∈C \ {0}.
Proposition 2.2. Let X ⊂ P (W) be a smooth projective manifold and NX its normal
bundle. If h1(P (W), IX,P (W) ⊗ΩP (W)(2))= h0(P (W), IX,P (W)(2))= h1(X,N∗X(2))=
0 every foliation associated to a morphism u :OX(−2)→ΩX with u 6= 0 is induced by a
codimension 1 meromorphic foliation obtained choosing a codimension 2 subspace P (M)
of P (W) and taking the restriction to X of the meromorphic foliation with first integral on
P (W) induced by the pencil of hyperplanes containing P (M). This meromorphic foliation
is saturated if and only if P (M)∩X contains no hypersurface of X.
Proof. First we will check that for every s ∈ H 0(X,ΩX(2)) there exists an element
s′ ∈ H 0(P (W),ΩP (W)(2)) with s′|X = s. This assertion follows from the cohomology
exact sequence associated to the exact sequence
0→ IX,P (W) ⊗ΩP (W)(2)→ΩP (W)(2)→ΩP (W)(2)|X→ 0 (3)
and from the cohomology exact sequence obtained twisting by OX(2) the conormal exact
sequence
0→N∗X→ΩP (W)|X→ΩX→ 0 (4)
of the conormal bundle of X in P (W). Now we will check that if u ∈ H 0(X,ΩX(2))
is integrable and u′ ∈ H 0(P (W),ΩP (W)(2)) is such that u′|X = u, then u′ is in-
tegrable. By [15, p. 2 or pp. 81–83], u′ corresponds to an element ω ∈ Λ1(W) ⊗
H 0(P (W),OP (W)(1)). We have dω ∈ Λ2(W) ⊗ H 0(P (W),OP (W)(1)) and ω ∧ dω ∈
Λ3(W) ⊗ H 0(P (W),OP (W)(2)). Since s is integrable, we have ω ∧ dω|X ≡ 0. Hence
ω∧ dω ∈Λ3(W)⊗H 0(P (W), IX,P (W)(2))= 0. Thus ω is integrable and hence u′ corre-
sponds to a pencil of hyperplanes. The restriction toX of this pencil of hyperplanes induces
the foliation associated to u, as wanted. 2
Example 2.3. We have hi(P (W),ΩP (W)(t)) = 0 for all integers i , t with 1 6 i <
dim(P (W)), except if (i, t) = (1,0). Let X ⊂ P (W) be a smooth complete intersection
of s hypersurfaces, say F1, . . . ,Fs , of degree d1, . . . , ds with di > 3 for every i . If
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dim(X)> 2 we have h1(X,OX(t))= 0 for every integer t and hence h1(X,N∗X(2))= 0.
If dim(X)> 1, then h0(X,N∗X(2))= 0. We have
NX ∼=
⊕
16i6s
OX(di).
Using s exact sequences and the assumption di > 3 for every i we obtain by in-
duction on k that for all integers k with 1 6 i 6 s we have hi(P (W), IF1∩···∩Fk ⊗
ΩP (W)(2)) for every integer i with 1 6 i < dim(P (W)) − k. In particular for k = s
we obtain h1(P (W), IX,P (W) ⊗ ΩP (VW)(2)) = 0. Since di > 3 for every i we have
h0(P (V ), IX,P (W)(2)). Hence all the assumptions of Proposition 2.2 are satisfied.
3. dim(X∗) < N − 1
Let X ⊂ PN be a smooth n-dimensional projective manifold. Here we will consider
the case in which dim(X∗) < N − 1, i.e., the case in which a Lefschetz pencil has no
singular fiber. Let k :=N−1−dim(X∗) be the so-called defect ofX. A general hyperplane
H ∈X∗ is tangent to X along a k-dimensional projective space (see [18, Theorem 17], or
[6]). By Landman’s Parity Condition (see [6, Theorem 2.4, part (a)], or [17]) the integer
n − k is even. By Zak’s Tangency Theorem (see [21, Theorem 1.7], or [18]) we have
dim(X∗) > n. In [6, Theorem 4.5], there is a complete classification of all manifolds X
with dim(X∗)= n. By Zak’s Tangency Theorem (see [21, Theorem 1.7], or [17]) we have
k 6N − n− 1. There are two natural problems for the meromorphic foliations induced by
families of hyperplanes:
(P1) Consider a generic line D of PN∗ with D ∩X∗ 6= ∅, i.e. (since X∗ is irreducible),
take a generalM ∈X∗ and let be a general pencil of hyperplanes containingM; call V the
codimension two subspace of PN which is the axis of this pencil. LetΠ be the blowing-up
of PN along V and pi :Π→ P 1 the morphism associated to the pencil of hyperplanes. For
everyH ∈ (D \ {M}),H ∩X is a smooth hypersurface of X. Let X′ be the strict transform
of X in Π and set f := pi |X′. M is tangent along a k-dimensional projective subspace
F ⊂ X. Study the codimension 1 meromorphic foliation F on X associated to f . The
foliation F is associated to a non-zero morphismOX(−2)→ΩX .
(P2) Consider a generic subspace T of PN∗ with dim(T ) = k + 1 and let V ⊂ PN
its base locus. Hence V is a subspace of PN with codim(V ) = k + 2 and intersecting
transversallyX. Since T intersects transversallyX∗, there are exactly deg(X∗) hyperplanes
H ∈ T such that X ∩ H is singular and for each such hyperplane the situation is as
described in (3.1) below; in particular every such hyperplane is tangent to X along a
P k . We will call any such T a Lefschetz (k + 1)-net. Let Π be the blowing-up of PN
along V and pi :Π → P k+1 the morphism associated to the family of all (N − k − 1)-
dimensional linear subspaces of PN containing V . Let X′ be the strict transform of X in
Π and set f := pi |X′. Since V is transversal to X, X′ is smooth. Study the codimension
k+1 meromorphic foliation F onX associated to f . The foliationF is associated to a non-
zero morphism OX(−2)⊕(k+1)→ΩX. Since V is transversal to X, f :X′ → P k+1 is in a
neighborhood of the exceptional divisor pi−1(V ∩X) a submersion. Hence the assumptions
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of [2, Theorem 2.16], are satisfied. Thus locally around each point of V ∩X the foliation
F is induced by a vector field with an ordinary singularity on a open disk∆ of Ck+1 taking
a submersion with ∆ as target.
(3.1) Let D be a line contained in F . By [6, Theorem 2.3, part (a)], NF/X|D is the direct
sum of (n− k)/2 line bundles of degree 1 and (n− k)/2 line bundles of degree 0. Since
deg(T D) = 2 and ND/L is the direct sum of k − 1 line bundles of degree 1, the exact
sequences
0→ND/F →ND/X→NF/X|D→ 0, (5)
0→ TD→ TX|D→ND/X→ 0 (6)
imply that TX|D is the direct sum of a line bundle of degree 2, (n + k − 2)/2 line
bundles of degree 1 and (n− k)/2 line bundles of degree 0. Assume k > 2 and NF/X ∼=
O
⊕(n−k)/2
F ⊕ OF (1)⊕(n−k)/2; this is true if n − k < k by a theorem on uniform vector
bundles on P k (see [8] or [5]). If k > 2 we have h1(P k, TP k(t))= 0 for every integer t ,
while if k = 2 we have h1(P k, TP k(t))= 0 for every integer t 6= 3; hence from the exact
sequence
0→ T F → TX|F →NF/X→ 0 (7)
we obtain
TX|F ∼= T F ⊕O⊕(n−k)/2F ⊕OF (1)⊕(n−k)/2.
Hence if k > 3 we have h1(F, (T X|F) ⊗ St (N∗F/X)) = 0 for every t > 0, while
if k = 2 we have h1(F, (T X|F) ⊗ St (N∗F/X)) = 0 for every t > 4. Hence by [12,
Proposition 1.7], if k > 3 any two embeddings of P k into an n-dimensional manifold
with O⊕(n−k)/2F ⊕ OF (1)⊕(n−k)/2 as normal bundle are formally equivalent, while if
k = 2 the same is true if we make the further assumption that the two embeddings
have infinitesimal neighborhoods of order 3 which are isomorphic. Since O⊕(n−k)/2F ⊕
OF (1)⊕(n−k)/2 is a 1-positive vector bundle in the sense of [4], any two embeddings,
say i and j , of F into n-dimensional complex manifolds, say Y and Y ′, with normal
bundles isomorphic to O⊕(n−k)/2F ⊕ OF (1)⊕(n−k)/2 and which are formally isomorphic
have biholomorphic analytic neighborhoods, i.e., there are open neighborhood U of
i(F ) in Y and U ′ of j (F ) in Y ′ which are biholomorphic. We have just seen that
this is always the case if k > 3 and NF/X ∼= O⊕(n−k)/2F ⊕ OF (1)⊕(n−k)/2. Every small
deformation of P k into a complex manifold is again given by an embedding of P k . Hence
the contact loci near F are P k’s. Since h1(F,OF (t)) = 0 for every t ∈ Z and every
k > 2 or if k = 1 and t > −1, we have h1(F,End(NF/X)) = 0 if NF/X ∼=O⊕(n−k)/2F ⊕
OF (1)⊕(n−k)/2; this means that O⊕(n−k)/2F ⊕OF (1)⊕(n−k)/2 is a rigid vector bundle on
F . Thus if NF/X ∼=O⊕(n−k)/2F ⊕OF (1)⊕(n−k)/2 the nearby contact loci will be P k’s with
isomorphic normal bundles. We just saw that if k > 3 this implies that the corresponding
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embeddings inX have biholomorphically equivalent open neighborhoods for the Euclidean
topology.
Remark 3.2. Assume n > k + 3 and Hi(X,OX) = 0 for 1 6 i 6 k + 1. By Hodge
theory [13, p. 116] this condition is satisfied if we assumeHi(X,C)= 0 for 16 i 6 k+ 1.
Let Y be the complete intersection of X with k hyperplanes; we assume dim(Y )= n− k
and that Y is smooth. Using k exact sequences as in Step 3 of the proof of Theorem 0.1 we
obtain H 1(Y,OY )= 0. Hence by Hodge theory [13, p. 116] we have H 1(X,C)= 0.
(3.3) Here we study the case dim(X∗) = N − 1 − k with k > 0 seeing this case as a k-
dimensional family of 1-codimensional foliations on a k-dimensional family of (n − k)-
dimensional manifolds. We fix the set-up and notation of case (P2). Call F one of the
P k’s at which one of the hyperplanes H ∈ X∗reg are tangent to X. Fix a general linear
subspace M ⊂ PN with codim(M) = k + 1. We need only that M is transversal to X
and that M ∩ F = ∅. For every P ∈ F let M(P) := 〈M ∪ {P }〉 be the linear span of M
and P . Since M ∩ F = ∅, for every P ∈ F the linear space M(P) is transversal to F
and M(P) ∩ F = {P }. For general P ∈ F the linear space M(P) is transversal to X and
hence the scheme X(P) := X ∩M(P) is a smooth variety of dimension n − k, while
for every P ∈ F the scheme X(P) := X ∩M(P) is an irreducible and reduced variety.
By [7, Theorem 1.3], or [14, Proposition 4.7], for every P ∈ F the variety X ∩M(P)
(seen as a non-degenerate subvariety of the projective space M(P)) is ordinary, i.e., its
dual variety has dimension dim(M(P)) − 1. We fix a general codimension two linear
subspace V of PN and we take the Lefschetz pencil L induced by V . For every H ∈ L,
set H(P) := H ∩ M(P). In this way for general P ∈ F , say for P in a Zariski open
dense subset U of F , we obtain a Lefschetz pencil L(P ) on the smooth variety X(P). By
Remark 3.2 it is easy and left to the reader to adapt the proof of [10, Theorem 3.3], and
obtain the following result.
Proposition 3.3. Assume n > k + 3 and Hi(X,OX) = 0 for 1 6 i 6 k + 1. For every
Q ∈ U the family of Lefschetz pencils on the smooth family {X(P)}P∈U of (n − k)-
dimensional complex manifolds is C0-structurally stable and C0-trivial near the foliation
L(Q) on X(Q).
Remark 3.4. Let X be a smooth projective manifold with H 1(X,OX) = 0. By Hodge
theory [13, p. 116] we have H 1(X,OX) = 0 if and only if H 1(X,C) = 0. For
every R ∈ Pic(X) we have End(R,R) ∼= OX and hence End(R⊕2) ∼= O⊕4X . Thus
h1(X,End(R,R)) = h1(X,End(R⊕2)) = 0. By deformation theory this implies that
every vector bundle near R (respectively R⊕2) is isomorphic to R (respectively R⊕2).
Hence every meromorphic codimension 1 (respectively codimension 2) foliation near a
meromorphic foliation induced by a map R→ΩX (respectively R⊕2→ΩX) is induced
by a map R→ΩX (respectively R⊕2→ΩX).
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(3.5) Here we consider problem (P2). Here we show that any two codimension (k + 1)-
foliation corresponding to a Lefschetz (k + 1)-net are conjugate. The proofs of [10,
Lemma 1.4 and Theorem 1.5], work for (k+ 1)-dimensional parameter spaces; indeed the
quoted paper [20] is stated for foliations of arbitrary codimension. In our situation we have
only finitely many critical values which may be taken as vertices for a fine triangulation of
the base space. However, our singular points are not isolated: they are projective spaces
of dimension k. In several cases discussed in (3.1) our family of foliations is locally
trivial along these singular sets. As in [10, proof of Theorem 1.5], the compatibility of the
different isotopies is guaranteed by assuring that if a leaf is left invariant by a deformation,
then the new deformation obtained with the isotopy leaves invariant the corresponding leaf.
(3.6) Here we assume n> k + 3. By Zak’s inequality and Landman’s Parity Condition we
only exclude the cases with k = n− 2 which are completely classified: if k = n− 2 > 0,
then X is a scroll over a smooth curve [6, Theorem 3.2]. We assume Hi(X,OX) = 0
for 1 6 i 6 k + 1. By Hodge theory [13, p. 116] this condition is satisfied if we assume
Hi(X,C) = 0 for 1 6 i 6 k + 1 (Remark 3.2). Let V ⊂ PN be a linear subspace of
codimension k + 2. V is the axis of a codimension k + 1 net. As in Step 3 of the proof of
Theorem 0.1 we analyze the possible deformations of V ∩X inside X. Set W := V ∩X
and see W as the complete intersection of k + 2 hyperplane sections of X. As in the case
k = 0 considered in Step 3 of the proof of Theorem 0.1 we have NW/X ∼=O⊕(k+2)X and,
using k + 2 exact sequences and the assumption n > k + 3 to get suitable vanishing for
cohomology groups. We obtain that any small variation of W inside X is induced by a
small variation of V and then taking the corresponding intersection with X. Since the
Grassmannian of codimension k + 2 linear subspaces of PN is compact, we obtain that
every variation ofW insideX parameterized by an irreducible variety is of the form V ′ ∩X
for some codimension k + 2 linear subspace V ′.
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